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1 Introduction

What is the derivative of the list data type? That might sound like an absurd
question, but in the 1990s, computer scientists discovered that data types like
lists, binary trees, and multisets can surprisingly be manipulated like algebraic
objects. Taking the derivative of the list data type is in fact a well-defined
operation and even has a nice combinatorial interpretation.

First, we must understand data types. In computer science, the two main
ways of creating more complex data types out of simpler data types are by using
sum types and product types.

Definition 1.1. A sum type A+ B is a data type that either contains an element
a of type A or an element b of type B.

Definition 1.2. A product type AB, also denoted A - B, is a data type that
contains the pair (a,b) where a is of type A and b is of type B.

For example, consider an ordered list of integers. This list is either the empty
list, or an integer concatenated with another list. Clearly, it is a sum type. In
one case, we have an empty list, which we will represent as 1. This is because
the product of an empty list with any data type is still isomorphic to the original
data type, so the empty list is analogous to 1. In the other case, we have a pair
of an integer and a list, which is a product type. Thus,

List(Int) =1+ Int - List(lnt)E|

If we have a list of z where z is some specific data type, then we get

List(z) = 1 + zList(x)
1
11—z

I Technically, List(Int) is the least fixed point of this equation, since it has multiple solutions.



Now we can take the derivative to get

dlist(z) 1

dx (1—2x)?
= List(w)?.

Thus, the derivative of the list data type is two lists.

However, it also seems like we performed many illegal and dubious oper-
ations, since we never defined subtraction or division for data types, and we
differentiated with respect to x which is not a real number. Still, we can try to
find a combinatorial interpretation for our answer using dual numbers.

Definition 1.3. A dual number is an expression of the form a + be where € # 0
and €2 = 0.

Intuitively, € behaves like an infinitesimal. The following property of dual
numbers is famously used by forward-mode automatic differentiation:

Lemma 1.1. Let f be a sufficiently differentiable real-valued function. Then

&
D= fa+o) - @)

Proof. Use Taylor expansion. O

This lemma suggests that
af _ fla+e) = flx)

dr € ’
which resembles the definition of differentiation using limits, but sadly division
by € is undefined, as it would involve division by zero. However, we can still use
it because we have not yet reached the rigorous part of this paper yet.
The data type equivalent of € is a value where when paired with itself, it
annihilates the pair. Consider the equation

dlist(z)  List(z +¢) — f(x)
dr € '

List(x + €) can be interpreted as a list where every element is either of type
x or €, and if multiple es appear in the list, then the list annihilates itself. Thus,
List(z + €) is the data type consisting of all lists with at most one e. If we
subtract List(x), we obtain all lists with exactly one e. Finally, we can divide by
€ to remove the € from all lists. Therefore, the derivative of the list data type is
a list with a hole in it, which splits it into two lists.

Again, this explanation is intuitively nice but also involves illegal and dubi-
ous operations. Fortunately, these deep connections between data types and al-
gebra can be made rigorous using the beautiful theory of combinatorial species,
first introduced by André Joyal in 1981[2][5]. The key idea is to view data
types as bijection-preserving functions from sets of labels to sets of structures.



Operations on these functions can be interpreted both combinatorially and al-
gebraically, using exponential generating functions. Combinatorial species even
have some applications for computer programming, such as automated test data
generation and manipulation of data types.

In [Section 2| we will formally define combinatorial species. Furthermore,
in [Section 3| we will define various algebraic operations on species.
adapts the Lagrange inversion theorem from real analysis and proves it for
combinatorial species. Finally, in we will prove Cayley’s formula in
three lines using species and the Lagrange inversion theorem, and state a few
extensions in

This paper assumes basic knowledge of calculus and category theory[3].

2 Definitions

Definition 2.1. A combinatorial species F' is a functor from the category of
finite sets and bijections to the category of finite sets and total functions.

Intuitively, we can view F' as a function that maps a finite set of labels
U to a finite set of structures F[U], as well as mapping bijections U — V to
F[U] — F[V].

Definition 2.2. Two species F' and G are equivalent, denoted as F = G, if
there exists a natural transformation from F' to G.

Intuitively, this means that F' and G are isomorphic.

Definition 2.3. Two species F' and G are equipotent, denoted as F' = G, if
|F[U]| = |G|U]| for all finite sets U.

Definition 2.4. The exponential generating function (EGF) for a species F' is
the formal power series

Fa)= 3 IFnllS
n=0 :

where F[n] = F[{1,2,--- ,n}].

For example, the combinatorial species List[U] maps a set of labels U to
ordered lists of length |U| where each element is uniquely assigned one of the
labels. Thus, its EGF is

List(z) = ) |List[n]|%7:
n=0 '

oo n

T
E n!—
n!

n=0
1
1—2x

This is exactly the function we obtained in the introduction!



Figure 1: The list species mapping E = {0, 1,2} to the 6 possible lists of length
| E].
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Figure 2: The tree species M mapping a bijection u between F and F' to a
bijection M[u] between trees s and t.
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3 Operations
Now that we have defined combinatorial species and EGFs, we can define various
operations for species.
Definition 3.1. The sum of species F' and G is the species
(F+ G)[U] = FIUIUG|U]
where U denotes the disjoint union.

This corresponds to the sum type in computer science. The number of
structures for F' + G with size n is simply the sum of the number of structures
for F' and for G of size n, so its EGF is

(F+G)(z) =F(x) + G(x).
Definition 3.2. The product of species F' and G is the species
(FG)U1= || FlA]xG[B].

AUB=U
This is the product type from computer science. The EGF of the product is
(FG)(x) = F(x)G(x).
Definition 3.3. The composition of species F' and G such that G(0) = 0 is
(Fo@)U] = #(m) x [T av))
g Vern

where 7 is an unordered partition of U.



Figure 3: The product of two Figure 4: The composition of two
species species

This corresponds to composition of data types in computer science. The
EGF is
(Fo@G)(x) = F(G(x)).

Definition 3.4. The derivative of a species is
F'[U] = F[U U {x}]
where x is some distinguished element not in U.

Intuitively, this corresponds to making a hole in the structures. For a term
in the EGF, we have

d z™ d "1
o = e o

so thus differentiating the EGF decreases the size of the structure by one. Thus,
the EGF of the derivative of a species is
dF(x)

de

F'(z) =

The derivative of a species satisfies all the usual properties of the derivative,
such as the sum, product, and chain rules.

4 Lagrange Inversion Theorem

In real analysis, the Lagrange inversion theorem gives the Taylor expansion of
the inverse of an analytic function. There is an analogous result in the theory
of combinatorial species, which can be proved combinatorially. First, we will
state some definitions and prove some helpful lemmas.

Definition 4.1. An endofunction is a function whose domain equals its codomain.



Figure 5: The derivative of a species

Definition 4.2. An endofunction ¢ : £ — FE is R-enriched if each of its fibers
¢~} for x € E is equipped by the R species.

Lemma 4.1. The species Cr = X - R'[AR] is equivalent to that of R-enriched
contractions, where a contraction is an endofuction that ultimately becomes
constant.

Proof. Let ¢ : E — E be an R-enriched contraction and xy be the point of
convergence of ¢. Then we can partition E into {zo}, which corresponds to the
X, and E—{zo}, which is an R’-assembly of Ag structures, where the derivative
in R’ is because of the loop at z¢. This is a bijection, as shown in

O

Lemma 4.2. Let S be the species of permutations and Dg be the species of
R-enriched endofunctions. Then

S(Cr) = Dp.

Proof. Any permutation can be decomposed into cycles. If we equip each node

of the cycle with an R-enriched contraction, then we obtain an R-enriched end-

ofunction. This process is reversible so it is a bijection, as shown in |[Figure 8
O



Figure 7: Visual proof of the first lemma

Lemma 4.3 (Labelle’s Repartitioning Lemma). For any species G, a G(Ar)Dg-
structure on a set F can be interpreted as partitioning F into £ = F; L Es such
that Fj is equipped with a G-structure v and Fs is equipped with an R-enriched
function A from E5 to E. Furthermore, we have

(G(AR)Dr)[n] = (GR")[n].

Proof. Let F} be the G(ARg) portion of the G(Ag)Dg species and Fs be the Dg
portion. Joyal’s original paper says to “meditate” on to complete the

proof.
O

Theorem 4.1 (Lagrange Inversion Theorem). Let R, F' be species and A be
the species of R-enriched rooted trees. Then for n > 1, we have

F(AR)[n] = F'R"[n —1].
Proof. First, note that the derivative of a power series has the property
F(Ag)[n] = F(Ag)'[n —1].
Using the chain rule, we have

F(Ag) = F'(Ag)Ap.



Figure 9: Visual proof of Labelle’s repartitioning lemma
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We will first compute A%;. An R-enriched rooted tree can be split into the root
and its children, so

)

Ap = X - R(Ap).

Taking the derivative, we get

AIR =R(Ar)+ X - R/(AR)A/R
= R(AR) + CRAgz
_ R(AR)
1-Cgr’

We recognize ﬁ as the species of lists of C'gs. The species of lists ﬁ is

equipotent to the species S(X) because there are the same number of ordered
lists of n labels as permutations of n labels. However, they are not equivalent
because all lists of the same length are equal up to relabelling, but not for
permutations since a relabelling cannot map cycles of different sizes. There
exists a bijection between lists and permutations, but it is not natural in the
sense of a category theoretic natural transformation. Using we get

AR = R(ARr)S(CR)
= R(AR)Dg.
Thus, we get
F(AR) = F'(Ar)R(AR)Dg.
Finally, we can conclude using |Labelle’s repartitioning lemmal that
F(AR)[n] = F(AR)'[n — 1]
= F'(AR)R(AR)Dg[n — 1]
= (F'R)(AR) - Dr[n — 1]
= (F'R)R"[n —1]
=F'R"[n—1].




5 Cayley’s Formula

One application of the Lagrange inversion formula for combinatorial species is
proving Cayley’s formula, a classic result in combinatorics.

Theorem 5.1 (Cayley’s Formula). There are n"~2 labeled unrooted trees on
n labeled vertices.

Proof. This is equivalent to showing that there are n™~! rooted trees on n

labeled vertices, because we have n ways to choose a root for an unrooted tree.
Let A be the species of rooted trees and F' be the species of rooted forests.
Let E be the species of sets, which has EGF e*. A rooted forest is a set of
rooted trees, so
F =E(A).

Additionally, a rooted tree is a product of the root and its subtrees, which form
a forest, so
A=X-E(A).

We can now apply the Lagrange inversion theorem to compute F(A). Since
Ap = A, let R=FE. Then
E(Ag)[n] = (E'- E")[n —1]
— (B-E")n—1]
= E""n —1]
=(n+1)"L

Thus, the EGF of A is

A — 1n—1ﬁ
@)= 301

oo

n
DI
n!

n=1

Therefore, there are n”~! labeled rooted trees and n”~2 unlabeled rooted trees
on n vertices. O

Alternatively, we could have algebraically manipulated the EGFs for these
species to get
= A(z)e A,

Then, we can apply the real analysis version of the Lagrange inversion theorem
to compute A(z), which explains the connection between the combinatorial
theorem that we proved and its real analysis counterpart.



6 Extensions

6.1 Cycle index series

An EGF counts the number of labeled structures of a certain size, but we can
also define an ordinary generating function that counts unlabeled structures
of a certain size. These are both special cases of a more general generating
function called the cycle index series, which is useful for many applications such
as proving the Pdlya enumeration theorem.[l] Combinatorial species provide
a rigorous framework for dealing with the relationship between labeled and
unlabeled structures.

6.2 Virtual species

We defined the operations of addition and multiplication for species, which
forms a semiring. We can complete this into a ring using virtual species, which
are equivalence classes of the equivalence relation on pairs of species such that
(F,G) ~ (H,K) if and only if F + K = G + H.[4] We can then rigorously
define subtraction and division of species, as well as a combinatorial logarithm
which generalizes the notion of structures built from connected components.
This finally enables us to rigorously justify the algebraic manipulations in the
introduction.
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